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Abstract. We prove a tight lower bound on the Betti numbers of tree and 
forest ideals and a tight upper bound on certain graded Betti numbers of 
squarefree monomial ideals. 



1. Introduction 

In this paper we study bounds on Betti numbers of certain classes of edge ideals. 
Several other papers, including [5], [7j, and the survey paper [3], use combinatorial 
methods to describe the minimal free resolutions of edge ideals and bound their 
Betti numbers. For example, Ferrers ideals, as described in [3] and [Ij, are con- 
jectured in 14J and shown in |6J to minimize Betti numbers among edge ideals of 
bipartite graphs. Earlier papers construct bounds on Betti numbers in terms of 
the projective dimension \2\ or the Hilbert function [1]. In general, the problem 
of characterizing the minimal free resolution of edges ideals is quite difficult and 
there are many open questions. In particular, while constructing explicit (gener- 
ally nonminimal) resolutions such as the Taylor resolution is effective in finding 
upper bounds on Betti numbers, there are no standard techniques for finding lower 
bounds. 

We start by reviewing necessary background and introducing notation. Through- 
out this paper k is an arbitrary field, and S is the polynomial ring over k in variables 
V = {xi, . . . ,Xn\ with the usual Z-grading. For a squarefree monomial ideal I G S, 
we consider the minimal free Z-graded resolution: 

^ 5(-a)ft- - ... - ^(-a)^° » ^ / ^ 0. 

aGZ aGZ 

In the above expression, S{—a) denotes S with grading shifted by a, and / de- 
notes the length of the resolution. In particular, I > codim(S'//). The numbers 
Pi,a = Pi,a{I) are called the the Z-graded Betti numbers of /. We also consider the 
ungraded Betti numbers /3i = Pi{I) := Ylaei Pi,a{I)- 

Squarefree monomial ideals are closely related to hypergraphs by the edge ideal 
construction. A hypergraph G(V — {xi, . . . , Xn}, E) is a vertex set V and a set 
of edges E C 2^ with the property that no edge is contained in another edge. 
Note that we allow edges to have cardinality one, and we allow vertices that are 
not contained in an edge. The degree of G is the maximum size of an edge. A 
hypergraph is pure if all its edges have the same cardinality. The edge ideal of G 
is the ideal of S given by 

I{G) (a;^! . . . a;^,, : {Xi^,. . . ,Xi,.} G E). 
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Since each squarefree monomial ideal / has a unique set of minimal generators, 
there exists a unique hypergraph Gi whose edge ideal is /. Edge ideals were first 
introduced in [T7j ; results related to edge ideals can be found in [5] , [TU] , [H] , [H] , 
and [17]- 

The outline of the paper is as follows. We introduce notation and definitions in 
Section [21 In Section [3l we prove a lower bound on the (ungraded) Betti numbers 
of hyperforest and hypertree ideals. In Section HI we look at upper bounds on the 
graded Betti numbers of squarefree monomial ideals and prove a tight upper bound 
on /32,3ci-i for degree d ideals. 

2. Preliminaries 

One of our theorems is about hypertrees and hyperforests. A hyperforest is a 
hypergraph G(y, E) with the property that the edges of G can be enumerated 
Fi, . . .,F\E\ in such a way that for all 2 < i < \E\, - (Fi U . . . U > 1. 

If G is pure and the edges of G can be enumerated so that for all 2 < i < \E\, 
\Fi — {Fi U . . . UFi_i)| = 1, then G is called a hypertree. If G is pure and has degree 
2, then hyperforests and hypertrees are ordinary graph-theoretic forests and trees. 

We say that a hypergraph G{V,E) is k- colorable if there exists a function k : 

V ^ [k], called a k- coloring, such that no two vertices with the same k- value belong 
to the same face. All degree d hyperforests are d-colorable. Furthermore, all degree 
d hypertrees have a unique c?-coloring up to permutation of the colors. 

We also use the notion of a simplicial complex. A simplicial complex T with 
the vertex set F is a collection of subsets of 2^ called faces such that F is closed 
under inclusion. We do not insist that the singleton subsets of V are faces. With 
every simplicial complex F we associate its Stanley-Reisner ideal Ir G S generated 
by non-faces of F: Ir := (YlxtGL^i '■ L C V,L ^ T) (see [16]). Likewise, given a 
squarefree monomial ideal / C 5, we denote by F(/) the simplicial complex F on 

V whose Stanley-Reisner ideal is /. 

li W C V, then the induced suhcomplex of F on T4^, denoted F[VF], has vertex 
set W and faces {F e F : F C W}. li v ^ V and {v} is a face in F, then the 
link of V, denoted Ikr(w), is the simplicial complex that has vertex set V — {v} 
and faces {G - {w} : u G G G F}. The antistar oi v is T - v := T[V - {v}]. Let 
/3p(F) :— dimk(-Hp(F; k)) be the dimension of the p-th reduced simplicial homology 
with coefficients in k. We make frequent use of Hochster's formula (see [TBI Theorem 
II.4.8]), which states that for W CV, 

A.a(/r)= P^-\W\-2{nW]). 
\W\=a 

One advantage of using simplicial complexes is that Mayer- Vietoris sequences, 
together with Hochster's formula, allow us to construct bounds on the Betti num- 
bers of the corresponding squarefree ideal. 

Simplicial complexes and hypergraphs can be related via the Stanley-Reisner 
ideal: with a simplicial complex F, we associate a hypergraph Gr := G/p. Likewise, 
with a hypergraph G, we associate the simplicial complex F(G) ~ F(/(G)). Thus 
the edges of G are the minimal nonfaces of F(G). Also, Gp^^j — G and F(Gp) = F. 

We can describe the operation of taking the link of a vertex on the level of hyper- 
graphs. If u is a vertex of G{V,E), then define Ikaiv) := ^lkr(G)(i')' -f^Qui^^l^^ntly, 
to construct Ikc^v), remove v from V, and for all edges F that contain v, replace 
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F hj F — {v}; then delete any edges that become nonminimal under mclusion. 
Similarly, we define the antistar G — v on the level of hypergraphs by G'r(G)-D- We 
may construct G — w by removing v from V and deleting all edges of G that contain 
V. We also define the induced hypergraph on C ^ by G[W]; G[W] has vertex set 
W and edges {F : F e E,F C W}. 

We also use the Taylor resolution of a squarefree monomial ideal, which in general 
is not minimal. Suppose / is the edge ideal of the hypergraph G{V^ E) with r edges. 
For each {xjj , . . . ,Xj^} = Fi £ E^ let Hi = Xj-^ . . . Xj^ . The Taylor resolution is a 
cellular resolution, in the sense of [TT, supported on the labeled simplex with r 
vertices, labeled /ij, 1 < j < r. For more information on cellular resolutions, see 
Chapter 4 of [13]. In particular, the Z-graded Betti numbers of the Taylor resolution 
are 



(1) = |{W^C H : |W^| =z,deglcmfcev^^fc =j}|, 1 < ^ < r. 



Our first main theorem establishes a lower bound on the Betti numbers of tree 
ideals. 

Theorem 3.1. Let G be a degree d hypertree on n vertices, and suppose for 1 < 
i < d, there are Hi vertices of color i. Let L be the edge ideal of G. Then for j > 2, 



Proof: We use induction on n. In the case n — d, G is a single edge and the result 
holds with /3j_i(/) = for j > 2. Consider n > d, and let w be a leaf of G (that 
is, a vertex contained in only one edge). Every hypertree has a leaf. Since G — v is 
also a hypertree, the result holds on Ig~v by the inductive hypothesis. 

Suppose that v is colored blue, and let B C V be the set of blue vertices of 
V. To prove the result, we show that for each B' C B, there exists U' C V such 
that U' n B = B', and F|[//|_|B/|_i(r(G[;7'])) ^ 0. The theorem then follows 
since, by taking all B' with \B'\ = j and v G B' , and using Hochster's formula. 



/3,-i(/(G)) > /3,_i(/(G-^;)) + (lfi-/), which together with (l^l" V Cf^i') = Cf ) 



proves the result. 

Fix B' as above. We describe an algorithm for constructing U' with the desired 
property. First initiahze U := V - {B - B'), and G := G[U]. Set W := 0. Initially, 
every blue vertex in G is contained in an edge, and every edge contains a blue 



Step 1: Suppose there exists a non-blue u G U such that every blue vertex is con- 
tained in some face that does not contain u. Then remove u from U, and 
replace G by G — m. It is still the case that every edge contains a blue 
vertex, and every blue vertex is contained in an edge. Repeat until there is 
no such vertex u. 

Step 2: Choose w to be a non-blue vertex. There exists at least one blue v E U 
such that every edge that contains v also contains u. If \W\ = r, then set 
Wr+i '■= u and add it to W. Remove u from U and replace G by IkQ(u). 
This process may create an edge that is a single blue vertex. Also remove 



Here and throughout the paper, [r] := {1, 2, . . . , r}. 
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from U and G all vertices that are not contained in an edge after this 
process. We argue below that no blue vertices are removed in this way. 
Return to Step 1 if there are any non-blue vertices remaining in U. 
Step 3: Take U' ^WU B' . 

We check that no blue vertex can be removed in Step 2. Consider G with the 
property that every blue vertex is contained in an edge, and every edge contains 
a blue vertex. Consider the operation of taking the link of a non-blue vertex u. 
Every edge in Ik (=,(«) contains a blue vertex. Now consider a blue vertex u^, which 
in G is contained in the edge F = {ui, . . . , Ur}- If u G i^, then {F — {u}) is an edge 
in lkg,(w) and Ur is contained in an edge. Otherwise, F is removed from G only if 
there exists an edge F' with u £ F' and F' — {u} C F. In this case, since F' — {u] 
contains a blue vertex, Ur (z F' — {u}. Since F' — {u} is an edge in Ikg(u), we 
conclude that Ur is contained in an edge in lk|g(u). 

Now we show that /3|[7/|_|_B/|_i(r(G'[f7'])) = 1. Let Tq T{G[U']), and for 
1 < i < \W\, let Ti :— lkri_i(u'i). Note that /3_i(r|^|) — 1 since r|^| has no non- 
empty faces. The antistar — Wj+i is a cone over a blue vertex by construction, 
and is therefore acyclic. It follows from the portion of the Mayer- Vietoris sequence 

that /3|vi/|-i-i(rO = 1. Wc conclude that /3|c//|_|B-|_i(r(G[C/'])) = 1. □ 

Example 3.2. The lower bound in Theorem \3.1\ can he attained. 

Label the vertex set of G{V, E) by {ui, . . . , t^d, C/i, . . . , Ud], where for each 1 < 
i < d, Ui = . . . ,Ui,„;_i}. Let {ui, . . . ,Vd} G E, and for all 1 < i < d and 

1 < j < "-i — 1, let {wi, . . . , . . . ,Vd,Uij} e E. For each 1 < r < d and 

W C V,it can be verified that if WflUi — ^ ioi i ^ r, Vi € W for i ^ r, and W is not 
simply {vi...,vr-i,vr+i,...,vd}, then/3rf_2(r(G)[M^]) = 1 and /3p(r(G)[M^]) = 
for p d — 2. Furthermore, it can be verified that if W does not satisfy these 
conditions, then r(G)[M^] is acyclic. It follows from Hochster's formula that /(G) 
attains the lower bound of Theorem 13.11 □ 

In the case of degree 2 trees, we fully answer the question of equality. For two 
vertices u and w of a connected graph G, let dist (u, v) be the number of edges in a 
shortest path joining u and v. The diameter of G is maxit^i,(dist {u,v)). 

Theorem 3.3. Let G{V, E) be a colored tree with blue vertices B and red vertices 
R, with \B\ — ni, and \R\ = n2. Then Pj-i — ("■^) -I- ("^) for all j > 2 if and only 
if G has diameter at most four. 

Proof: First suppose G has diameter greater than four. Then G has a subtree G' 
that is a path on six vertices, of which three are red and three are blue. One can 
check that /?i(/(G')) = 7 > (2) + (2)- It follows by induction, as in the proof of 
Theorem [331 that /3i(G) > ("2') + ('2')- 

Now suppose G has diameter at most four. There exists v G V such that for 
all u e V, dist {u,v) < 2. Assume without loss of generality that v is blue. If 
dist {u, v) = 1, then u is red, while if dist (u, v) = 2, then u is blue. Furthermore, 
all blue vertices except v are leaves. For each blue vertex u ^ v, let p(u) be the 
unique neighbor of u. Set F = r(G). We show that = + ("/) for aU j>2 
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by using Hoclister's formula and considering induced subcomplexes on C F in 
several cases. 

Case 1: V ^ W. For all blue u G W, T[W] is a cone over u and therefore acyclic 
unless p{u) £ W. Also, if w gW is a red vertex and w ^ p{u) for any blue 
u e W, then T\W] is a cone over w. If p{u) £ W for all blue u S W, and all 
red vertices w gW satisfy w = p{u) for some u £ W, then /3s_i(r[H^]) = 1 
and /3t(r[VF]) = for t ^ s - 1, where s ^ \W C] R\. This is true for s = 1 
since in that case, r[W^] is the disjoint union of a simplex and a vertex. 
For s > 1, y\W] is the join of s such complexes, and the Kiinncth formula 
applies. Such subsets W can be indexed by subsets of B not containing v. 

Case 2: W r\ B ^ {v} and W r\ R ^ Then (3q{T[W]) = 1 and Pj{V[W]) = 
for j 7^ 0, since in that case, r[W^] is the disjoint union of a vertex and a 
simplex. Such subsets W can be indexed by nonempty subsets of R. 

Case 3: {-y} C n B. heX u & W r\ B with u ^ v. Then r[M^] is a cone with 
apex u unless p{u) £ W, so assume p{u) £ VK. Consider lkr(p(u)). By 
the reasoning of Case 1, lkr(p(u))[M^] is acyclic unless for every u; £ i? n 
W, w = p{z) for some z G W D B, and also for all z £ n i?, p{z) £ 
W. If that condition is also satisfied, then f3s-20kr{p{u))[W]) ~ 1 and 
i3t{lkr{piu))[W]) = for t ^ s - 2, where s = n by the reasoning of 
Case 1. It then follows from the portion of the Mayer- Vietoris sequence 

Ht{r[W] -p{u)) ^ HtinW]) ^ Ht^i{\kr{p{u))[W]) ^ Ht-i{T[W] - p{u)) 

that f3t{T[W]) = /3t-i(lkr(p(u))[W^]) for all t. Such subsets W with r[W^] 
not acyclic can be indexed by subsets of B containing v. 

It follows from Hochstcr's formula and the three cases above that = ("^) + 
for aU j > 2. □ 

Question 3.4. For degree d hypertree ideals, when is (3j-i{I) ~ X^^Li ("0 /"'^ "^^^ 

Theorem 13.11 can be used to establish a lower bound on the Betti numbers of 
forest ideals. If r is an integer, we say that the sequence of integers (ri, . . . ,r^) is 
a nearly even d-partition of r if for all 1 < i < j < d, jr^ — | < 1. 

Theorem 3.5. Let T be a degree d hyperforest with t edges, and let (ni, . . . , Ud) he 
a nearly even d-partition oft + d—1. Let L be the edge ideal ofT. Then for j > 2, 

Proof: Enumerate the edges of T by Fi, . . . , _Fi such that for 2 < i < t, \Fi — {Fi U 
. . . U Fi-i}\ > 1. For 2 < fc < t, choose Ufc £ ft - (Fi U . . . U F^-i). Let k be a 
coloring of T, and set n'^ = 1 + \{k : 2 < k < t, K{vk) = *}!• It then follows by the 
same argument of the proof of Theorem 13.11 that for j > 2, /3j_i(/) > X^iLi ("')• 

To complete the proof, observe that among all partitions {n'l, . . . , n'^^} of t + d— 1, 
the sum X]f=i ("0 minimized when {n'l, . . . , n'^} is nearly even. □ 
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4. Upper Bounds on Graded Betti Numbers 

In this section we establish some upper bounds on the graded Betti numbers of 
squarefree monomial ideals. 

A simple observation is that for a squarefree monomial ideal I with t gener- 
ators, (3i-ij[I) < (*). This follows from the Taylor resolution. For pure de- 
gree d ideals and j = d + {i — l)r, f3i^ij{I) = (*) if the variables are labeled 
xi, . . . , Xd^r, Xa.i, ■ ■ ■ 1 Xa,r for 1 < a < t and / consists of t generators of the form 

— ^1 . . . Xd—r-^a.! • • • Xa^r- 

Theorem 4.1. Let I be a pure degree d squarefree monomial ideal with t generators, 
and let (ii, t2) be a nearly even 2-partition of t. Then (ii.zd-iil) < (3) — ('3) — (*|) ■ 

Proof: We show, using the Taylor resolution, that actually 




Suppose that / is the edge ideal of a hypergraph G{V, E) with edges {Fi, . . . ,Ft\. 
Construct a graph G' with vertex set {vi, . . . ,vt \ so that {vi, Vj) is an edge in G' if 
and only if F.nFj ^9. 
We calculate 

Plad-iil) = F„ Ffe) eE^:F,n F, = 0, n = 0, |F,- n = 1}| < 

^\{{v,,v„v,) e V{G')' : {v,,v^) ^ E{G'),{v,,Vk) ^ E{G'),{v^,Vk) € E{G')}\. 

Label the latter expression by P{G'); P{G') is the number of induced copies of 
a single edge on 3 vertices in G". With deg?; denoting the degree of a vertex v in 
G', and a the average of degu over all vertices w in G", we have 

Phci-iil) < \\{iv.,v,,vk) e V{G'f : {v,,Vk)^E{G'),{v„vu) £ F(G')}| = 
i {degv){t-l-degv)<ha{t-l-a). 

v£V{G') 

We apply induction on t with the base cases P{G') = for f = 1, 2 clear. First 
consider the case t = 2A: is even. If a < fc - 1, then P(G') < (*) - (*3^) - ('|). 
Otherwise, if a > fc — 1, then there exists a vertex v £ V{G') with degw > k. By 
the inductive hypothesis, P{G' -v) < C"^) - (^) - C^"^). Also P(G')-P(G'-'y) < 
(*~^) — (2) since the induced subgraph on v and vertices mi, M2 is not a single edge 
if ui and U2 are both neighbors of v. Hence the desired inequality holds on P{G'). 

Now consider i = 2fc + 1. If a < fc - 1, then P(G') < (*) - {^^) - {*^). If 
a > fc — 1, then there exists v E V{G') with degz; > fc. By the inductive hypothesis, 
P(G' -v)< - il) - il). Also P(G') - P(G' -v)< - (^). Hence the 

desired inequality holds on P(G'). □ 

The upper bound of Theorem 14.11 is attained by the degree 2 hypergraph with 
vertices 

ui,U2,vi, . . . ,vtj^,wi, . . . ,Wt2 and edges 

. . . (ui,WtJ, (m2, Wl) . . . {U2,wt2)}- 
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What about other Bctti numbers of the form /32,»(^)? A higher bound is necessary 
for P2.6 in the case d ~ Z. There exists a degree 3 squarefree monomial ideal on 6 
generators with P2fi ~ (3), namely 

It can also be seen by exhaustive search that / is the only ideal, up to isomorphism, 
satisfying these properties, and that there does not exist a degree 3 ideal on 7 
generators satisfying f32fi = (3) or even /3^g = (3); that is, there is no degree 3 
hypergraph with 7 edges such that all sets of 3 edges have a union with 6 vertices. 
It follows that, for a degree 3 squarefree monomial ideal I ont generators, 02,6(1) ^ 
(3) — r(t, 7, 3). Here T(t, 7, 3) is the Turan number, defined to be the minimum 
cardinality of a collection W of 3-subsets of [t] such that every 7-subset of [t] contains 
an element of W. See the reference paper [15, for more on Turan numbers. 
In analogy with Theorem 14. li we make the following conjecture. 

Conjecture 4.2. Let I be a degree 3 squarefree monomial ideal with t generators, 
and let (^1,^2,^3) be a nearly even 3-partition oft. Then f32 < (3) — (3) — 

CD -CD- 

If Conjecture 14.21 is true, then the bound is tight and is attained by the ideal on 
variables xi,X2,X3,yi, . . . ,yti, zi, . . . , zt^,wi, . . . , Wt^ given by 

I = (a;iX22/l, . . . ,XiX2yti,XlX3Zi, . . . ,XiX3Zt2,X2X3Wi, . . .,X2XzWt^). 

Acknowledgments 

The author has been supported while working on this project by a graduate 
fellowship from VIGRE NSF Grant DMS-0354131. 

References 

[1] A. Bigatti, Upper bounds for the Betti numbers of a given Hilbert function, Comm. Algebra, 
21 (1993), 2317-2334. 

[2] M. Brun and T. Romer, Betti Numbers of ^"-Graded Modules, Comm. Algebra, 32 (2004), 
4589-4599. 

[3] A. Corso and U. Nagel, Monomial and toric ideals associated to Ferrers graphs, to appear 

in Trans. Amer. Math. Soc. 
[4] A. Corso and U. Nagel, Specializations of Ferrers ideals, to appear in J. Algebraic Comb., 

math arXiv: 0703695vl. 
[5] D. Eisenbud, M. Green, K. Hulek, S. Popescu, Restricting linear syzygies: algebra and 

geometry, Compositio Math., 141 (2005), 1460-1478. 
[6] M. Goff, Bounding Betti numbers of bipartite graph ideals, math arXiv: 0807.1540. 
[7] H.T. Ha, A. Van Tuyl, Monomial ideals, edge ideals of hypergraphs, and their graded Betti 

numbers, J. Algebr. Comb., 27 (2008), 215-245. 
[8] H.T. Ha, A. Van Tuyl, Splittable ideals and the resolutions of monomial ideals, J. Algebra, 

309 (2007), 405-425. 

[9] H.T. Ha, A. Van Tuyl, Resolutions of squarefree monomial ideals via facet ideals: a survey, 
Contemp. Math., 448 (2007), 91-117. 
[10] S. Jacques, Betti numbers of graph ideals. University of Sheffield, Ph.D. thesis, math arXiv: 
0410107vl. 

[11] S. Jacques, M. Katzman, The Betti numbers of forests, math arXiv: 0501226v2. 

[12] M. Katzman, Characteristic-independence of Betti numbers of graph ideals, J. Combin. 

Theory Ser. A, 113 (2006), 435-454. 
[13] E. Miller and B. Sturmfels, Combinatorial Commutative Algebra, Springer Science-(-Business 

Media, Inc., 2005. 



8 



MICHAEL GOFF 



[14] U. Nagcl and V. Reiner, Betti numbers of monomial ideals and shifted skew shapes, math 
arXiv: 0712.2537vl. 

[15] A. Sidorenko, What we know and what wc do not know about Turan numbers. Graphs 

Combin., 11 (1995), 179-199. 
[16] R. Stanley, Combinatorics and Commutative Algebra, Second Edition, Birkhauser, Boston, 

1996. 

[17] R.H. Villarreal, Cohen-Macaulay graphs, Manuscripta Math., 109 (1990), 159-174. 



